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Abstract: This paper investigates the problem of dynamic output-feedback control for a class of Lipschitz nonlinear
systems. First, a continuous-time controller is constructed and sufficient conditions for stability of the nonlinear
systems are presented. Then, a novel event-triggered mechanism is proposed for the Lipschitz nonlinear systems in
which new event-triggered conditions are introduced. Consequently, a closed-loop hybrid system is obtained using
the event-triggered control strategy. Sufficient conditions for stability of the closed-loop system are established in the
framework of hybrid systems. In addition, an upper bound of a minimum inter-event interval is provided to avoid
the Zeno phenomenon. Finally, numerical examples of a neural network system and a genetic regulatory network

system are provided to verify the theoretical results and to show the superiority of the proposed method.
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1 Introduction

Nonlinear systems have received much attention
for decades due to their broad requirements in sci-
entific and engineering fields such as electrical cir-
cuits, chemical processes, and biomedical engineer-
ing (Casey et al., 2006; Angulo et al., 2019; Chen
J et al., 2019). However, due to the complexity of
nonlinear systems, their analysis is still a challeng-
ing topic. Specifically, different from linear systems,
nonlinear systems must find a suitable real-time solu-
tion, even though there may be many such solutions
or none (Collins et al., 2006). Note that nonlin-
ear systems with Lipschitz characteristics can avoid
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this problem, because the local Lipschitz property
of the system dynamics ensures local existence and
uniqueness of the solution, and even guarantees
global existence and uniqueness with some extra con-
ditions (Khalil, 2014). Indeed, nonlinear systems
with Lipschitz characteristics are in wide demand
in the field of system modeling. For instance, Re-
han et al. (2018) presented a class of one-sided Lips-
chitz nonlinear multi-agent systems that combine lin-
ear and Lipschitz nonlinear features and have many
applications in synchronization, formation, flocking,
and so on. In addition, multi-agent systems with
Lipschitz conditions have been studied (Zhang Z
et al., 2020) owing to their potential applications
in many areas, including autonomous underwater
vehicles and distributed sensor networks. Pham
et al. (2019) concerned a class of nonlinear Lipschitz
systems applied to a real electro-rheological (ER)
automotive suspension. Therefore, the analysis of
nonlinear systems with Lipschitz characteristics is
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meaningful and general.

Among the analyses of nonlinear systems with
Lipschitz conditions, the stability issue has attracted
significant attention.
feedback control as a basic control law has been pre-
sented in many applications (e.g., Zuo et al. (2016)).
On one hand, state-feedback control, one of the most
widely used control methods, has been adopted to
solve stability issues by combining some other con-
trol strategies (Qian and Lin, 2001; Tabuada, 2007).
One of the limitations of this control strategy is that

For the stabilization issue,

it requires full state measurements, which is often not
possible in many scenarios. Therefore, some output-
feedback control methods have been established to
avoid the full state measurement requirement. Cur-
rently, many kinds of output-feedback control strate-
gies exist, such as observer-based output-feedback
control, static output-feedback control, and dynamic
output-feedback control; see Andrieu and Praly
(2009), Zhou et al. (2012), Kammogne et al. (2020),
and the references therein. Explicitly, observer-
based output-feedback control constructs so-called
observers to estimate full states from measured out-
puts, and uses such estimation to control the sys-
tem. In Pertew et al. (2006), a Lipschitz observer
was introduced and some sufficient conditions were
presented for the asymptotic convergence of the
closed-loop system. Hamid et al. (2019) consid-
ered the design of a regional observer-based con-
troller for the locally Lipschitz nonlinear systems.
Note that observer-based output-feedback control
still requires that the controlled system is observ-
able. On the other hand, static output-feedback con-
trol (Ekramian, 2020) and dynamic output-feedback
control do not have such limitations. Moreover, com-
pared with static output-feedback control, the dy-
namic output-feedback control strategy contains the
memory of the output trajectory by introducing the
integral of an auxiliary variable and thus leads to bet-
ter control effects (such as shorter convergence time).
Many researchers have devoted effort to the analy-
sis of dynamic output-feedback control for nonlinear
systems. For instance, Chen PN et al. (2006) focused
on the problem of local stabilization of nonlinear sys-
tems by dynamic output-feedback control. Liu W
et al. (2016) proposed a dynamic output-feedback
control method for fast sampling of discrete-time sin-
gularly perturbed systems. Dong and Yang (2008)
proposed a dynamic output-feedback controller for

continuous-time Takagi-Sugeno (T-S) fuzzy systems.
However, to our knowledge, analysis of dynamic
output-feedback control for Lipschitz nonlinear sys-
tems is still absent.

In this study, we aim to establish dynamic
output-feedback control methods for Lipschitz non-
linear systems. Generally speaking, the continuous-
time control strategy (Park, 2005; Molaei, 2008) has
been widely used to stabilize nonlinear systems and
it always guarantees a better control effect than dis-
continuous strategies. Therefore, we first introduce
a continuous-time dynamic output-feedback control
law that can stabilize Lipschitz nonlinear systems
under certain conditions. However, in many scenar-
ios, Lipschitz nonlinear systems may be networked
and large-scale, and may suffer from communication
and control resource limitations. In such cases, the
proposed continuous-time dynamic output-feedback
control is not applicable; hence, an alternative strat-
egy, namely the event-triggered control, is often con-
sidered to get rid of communication and control re-
source constraints. More explicitly, event-triggered
control allows considerable reduction of resource us-
age while guaranteeing the stability and maintain-
ing a certain level of control performance by deter-
mining event-triggered conditions accordingly (e.g.,
Goebel et al. (2012), Yu and Antsaklis (2013), Peng
and Yang (2013), Zhang JH and Feng (2014), Zhang
XM and Han (2016), Gu et al. (2018), and Shu and
Zhai (2020)). Note that event-triggered control in-
volves the control updating problem; that is, the
event-triggered control system is a hybrid system
with both continuous-time and discrete-time dynam-
ics. Research on stability and stabilization of non-
linear systems using event-triggered control is thus
challenging and has received much attention in re-
cent years (Donkers and Heemels, 2012; Abdelrahim
et al., 2016; Liu S et al., 2017; Zhang XM and Han,
2017; Theodosis and Dimarogonas, 2019). Specif-
ically, in Theodosis and Dimarogonas (2019), the
problems of event-triggered and self-triggered con-
trol of nonlinear systems were addressed. The au-
thors exploited certain stability assumptions for the
continuous-time system as well as the Lipschitz prop-
erties of system dynamics, and presented a strategy
to guarantee the stability of the system. Liu S et al.
(2017) addressed an event-triggered dynamic output-
feedback robust model predictive control strategy,
but for a class of discrete polytonic systems rather
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than nonlinear systems with Lipschitz continuous-
time conditions. Donkers and Heemels (2012) stud-
ied an event-triggered mechanism which includes
a dynamic output-feedback controller. While the
system considered in Donkers and Heemels (2012)
is a linear system, the controller adopts a simpli-
fied form of dynamic output feedback, where the
controller reflects only the effect of the integral of
the output rather than the usual dynamic output-
feedback controller in the form of proportional-
integral control. Moreover, the event-triggered con-
dition in Donkers and Heemels (2012) was designed
based on the networked output and input signals.
Hence, to reduce the number of event-triggered
times further, our goal is to establish a new event-
triggered condition based on the output and a timer
variable.

Motivated by the above results, in this study,
we establish an event-triggered dynamic output-
feedback controller, under which the hybrid system
obtained from a Lipschitz nonlinear system is glob-
ally asymptotically stable. In summary, the main
contributions are as follows:

1. A continuous-time dynamic output-feedback
controller is designed for the considered Lipschitz
nonlinear system, to ensure the global asymptotic
stability of the closed-loop system.

2. We event-triggered dy-
namic output-feedback controller with some event-

establish an

triggered conditions and an upper bound of the min-
imum inter-event interval. Moreover, by means of
hybrid system theory, the obtained closed-loop sys-
tem is proven to be globally asymptotically stable.
Notions and notations used throughout the pa-
per are as follows: Denote R™ as the n-dimensional
Euclidean space. Denote R>q as the set of non-
negative real numbers, i.e., R>¢ := [0,+00). De-
note N as the set of natural numbers, ie., N :=
{0,1,...}. Given a vector & € R", |«| denotes
the Euclidean norm. In addition, the distance be-
tween a vector & and a subset A C R” is denoted
by ||z||4 = inf{|lx — y|| : y € A}. Given a con-
tinuously differentiable function h : R® — R and a
function f : R™ — R™, the Lie derivative of h at x
in the direction of f is denoted by (VA (x), f (x)).
Denote A=, AT, and A\ (A) as the inverse, trans-
pose, and eigenvalues of any square matrix A, re-
spectively. Let A > 0 (A < 0) represent that
matrix A is positive definite (negative definite).
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Given a set of square matrices { A, Ao, ..., A,}, we
A ... 0
denote diag(A;,As,...,A,) = : .o
o ... A,
Given a set of vectors {x1, @9, ..., x,,}, we denote
col (z1,®2,...,Tm) = [x],23,...,z}]T. Given ma-
trices A, B, and C of appropriate dimensions,
A B A B
{ . C } denotes { BT C ] A function « :

R>9 — R>q belongs to class K if it is zero at zero,
continuous, and strictly increasing; it belongs to
class K if, in addition, is unbounded. A function
p: R>o — Rxg belongs to PD (positive definite) if
it is continuous; p (s) > 0 for all s > 0, and p(s) =0
for s = 0.

2 Preliminary results and problem
formulation

Consider a class of nonlinear control systems as
follows:
&= Az + Bf(x)+ Eu,

y— Ca. (1)

where & € R™ denotes the state vector, u € R™
the input, and y € R™ the output.
A, B, C, and E are real matrices of appropri-
ate dimensions. In addition, the function f(x) =
[f1(z), fa(x), ..., fn. (®)]" is the nonlinear part such
that for each ¢ (i = 1,2,...,n,), the following so-
called Lipschitz conditions (Zhang Z et al., 2020)
hold:

1. fi(0) = 0;

2. There exist constant numbers [; > 0 satisfy-
ing ||£:(m(t)) — fi(n()]| < Lm(t) — n(t)] for any
m(t),n(t) € R".

It follows immediately from the above condi-
tions that system (1) has at least one equilibrium
x* = 0. However, in general, the equilibrium of sys-
tem (1) may not be globally asymptotically stable.
Therefore, we aim to find some suitable u to guar-
antee the global asymptotic stability of system (1)
at *. In addition, in many scenarios, some en-
tries of @ cannot be controlled; i.e.,
E have all “0” elements. Without loss of generality,
we assume that E = [0 I]", where 0 represents a
zero matrix of appropriate dimensions and I repre-
sents an identity matrix of appropriate dimensions.
Correspondingly, we partition matrices A, B, and

Matrices

some rows of
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A A B, B,
CaSA:|:A3 A4:|7B:|:B3 B,
C = [C; (3], respectively. Meanwhile, the Lips-
chitz condition of function f is given by the following
statement: there exists a positive definite matrix M
such that

(f(@) = f(@*)" M (f(@) - f(x"))
<(x—x")"L"ML(x — x*), Yz € R, (2)

], and

where L = diag(l1,lo,...,l,,), and L can also
L,

* L2
the dimensions of w. Hence, the control object in
this study is to design suitable output-feedback con-
trollers such that the obtained closed-loop system is
globally asymptotically stable.

More explicitly, we will design the following dy-

namic output-feedback controller:

E. = AL+ By,
u=C.£+ D.y,

be partitioned as L = [ } comparable to

3)

where & € R"™¢ is the state of the controller, and
matrices A, B., C., and D, are of comparable di-
mensions and will be determined later. Combining
Egs. (1) and (3), we obtain the following closed-loop
system:

£ = A+ B.Cx. @

Next, we will provide conditions under which
the above closed-loop system (4) is globally asymp-
totically stable.
Theorem 1 Consider system (1) under con-
troller (3). Suppose that there exist positive definite
matrices X1, X2, Q1, Q2 and real matrices A., B,

C., D. of appropriate dimensions satisfying

w11 W12 ClTBCT XlBl XlBg
* w22 éc + CgB;F X2B3 X2B4
* * AT + A, 0 0 <0,
* * * -Q 0
* * * * —-Q-

()
where w11 = Arerl + X1A1 + L1Q1L17 Wi =
AEXQ + C?B;F + X1A2, and Woo = AIXQ +
C;FD;F + XA, + DCCQ + L>Q-> L.

Let the gains of controller (3) be given by

A= qu B. = qu

T o 6
C.=X,'C., D.=X;'D,, (©)
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where ¢ is a positive constant. Then, we have
that closed-loop system (4) is globally asymptoti-
cally stable.

The proof of the above theorem can be found in

Appendix.
Remark 1  Theorem 1 is given to establish suf-
ficient conditions for the closed-loop system under
continuous-time dynamic output-feedback control.
In fact, it is also a new result compared to the lit-
erature related to the control of Lipschitz nonlinear
systems.

Up to now, we have established conditions
for the asymptotic stability of system (4) under
continuous-time dynamic output-feedback control.
Although continuous-time control performs well, in
many scenarios, nonlinear systems may have lim-
ited communication and control resources because of
their large-scale and underlying interconnection net-
works. To get rid of this obstacle, one needs to adopt
other control strategies. Specifically, in the following,
we will consider the so-called event-triggered control
strategy to improve the communication efficiency.
Moreover, event-triggered control allows consider-
able reduction of resource usage while guaranteeing
stability and maintaining a certain level of control
performance by determining event-triggered condi-
tions accordingly (Peng and Yang, 2013). Hence,
compared with the continuous-time control method,
event-triggered control is more feasible and practical
in many system applications. According to this kind
of control strategy, one first provides event-triggered
conditions and then uses the event detector to con-
tinuously monitor the event-triggered conditions to
determine whether an “event” occurs or not. Once
an event occurs, the event detector will transmit the
newest output measurement to the event-triggered
controller. Specifically, denote the time instants
when an event occurs by a sequence

to, t1, 2, --+ .

Consequently, we will obtain a set of measured
outputs {y(tx)}r,-
tion of the signal into the controller, the zero-order
holder (ZOH) mechanism is adopted to generate the
continuous-time signal:

To ensure continuous injec-

yt) = y(tr), tr <t <tgpp1.

In summary, the schematic of the above

event-triggered dynamic output-feedback control is
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depicted in Fig. 1b with the continuous-time control
method depicted in Fig. 1a.

t
! Plant y(t) »| Plant ¥ )¢

u(t)
Controller

A

|/

L1 Controller |« ZOH 4Jy (%)

u(t) y()
(a) (b)

Fig. 1 Continuous-time (a) and event-triggered (b)

dynamic output-feedback control schematics (ZOH:
zero-order holder)

Event-triggered
monitor

Define the measurement error as e(t) := y(t) —
y(t) for t > 0; hence, the closed-loop event-triggered
system can be written as

z=(A+ED.C)x+ Bf(x)+ EC.£ + ED.e,
£€=At+ B+ B.Cx.
(7)
Moreover, for k € N, we have
é(t) = —-Cx(t), t € (tg,tht1),
et (t) =0, t =tg.

For the sake of simplicity, we introduce the fol-
lowing notions:

¢ o= col (,€),
A+ ED.C EC,
flce)= | 1S B

SHIGCREEE

fb (Cve)
=-C([A+ ED.C EC|¢+ Bg(¢)+ ED.e),

where g(¢) = f(x). Consequently, the hybrid system
is obtained as

C:fa(47e)
ész(Cve)
T=1
¢t=¢
et =0
Tt =0

(¢, e,T) €F,

(C? e? T) e j?

where 7 > 0 is a timer variable introduced to re-
duce the event frequency. For the sake of notation
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simplicity, we define

fa(Ce)

fb(C7 e)
1

¢
F(CerT)= , G(CeT)=10
0

In the sequel, a hybrid system defined as above will
be represented by the notation H = (F, F,G, J), or
briefly, H.

In event-triggered control, transmissions occur
whenever the event-triggered conditions are satisfied.
Hybrid model (8) is well-equipped to describe dy-
namic systems with event-triggered control. Indeed,
a transmission can be modeled as a jump of sys-
tem (8) that will be generated whenever the event-
triggered condition is satisfied. This indicates that
the state of system (8) enters in J at the trans-
mission instant. When events are not generated, it
means that the state of system (8) is in F, and the
system evolves along with flows.

To conclude this section, we formally state the

research problem of this study as follows:
Problem statement Consider the hybrid system
H = (F,F,G,J) given by Eq. (8). Our goal is to
design the flow map F', jump map G, flow set F, and
jump set J to guarantee that the hybrid system H
is uniformly globally asymptotically stable.

3 Main results

In this section, recalling the hybrid system
H = (F,F,G,J) in Eq. (8), we will first design
the controller gains A., B., C., and D. and the
event-triggered conditions. Second, based on the de-
sign of the controller and event-triggered conditions,
we separately determine the flow map F', jump map
G, flow set F, and jump set J for the hybrid sys-
tem H. Moreover, we establish the stability criterion
under which the obtained closed-loop hybrid system
is globally asymptotically stable by the hybrid sys-
tem theory without the Zeno phenomenon.

Before presenting the main results, some pre-
liminaries and concepts related to the framework for
stability analysis of hybrid systems will be reviewed
first, following the conventions (Nesic et al., 2009;
Goebel et al., 2012; Meslem and Prieur, 2015).

A set ¢ € R>p x N is called a compact hybrid
time domain if for some finite time sequence 0 =
to <t; <...<ty, thereise = Uj];ol ([tj,tj+1],j).
We further call € a hybrid time domain, if for all
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(T,J) € e,en([0,T] x{0,1,...,J}) is a compact
hybrid time domain. Moreover, a hybrid trajec-
tory is a pair (dom z,z) consisting of a hybrid
time domain dom z and a function z defined on
dom z that is continuously differentiable in ¢ on
(dom z) N (R>p x {0,1,...}). In addition, for the
hybrid system H given by the open set O € R™ and
the data (F,F,G,J) where F' : O — R" is contin-
uous, G : O — O is locally bounded, and F and
J are subsets of O, we say that a hybrid trajectory
z 1 dom z — O is a solution to H if the following
conditions hold:

1. For all j € N and for almost all £ € I, where
I; is such that I; x {j} :=dom z N (R>¢ x {j}), we
have z(t,j) € F and 2(t,7) = F(z(t,J))-

2. For all (¢,7) € dom z such that (¢,j + 1) €
dom z, we have z(t,j) € J and z(t,7 +1) =
G(z(t,7))-

Then, we have the following definition for ana-
lyzing the stability of hybrid system (8):
Definition 1  For hybrid system (8), the set A =
{(¢,e,7) : ¢ =0, e =0, 7 € R>o} is uniformly
globally pre-asymptotically stable, if the following
properties hold:

1. Uniform global stability

There exists a function o : R>¢g =+ R belong-
ing to class Koo such that for any solution z(t, j) to
system (8), [|2(, )l|4 < a(](0,0)]|4) for all (t, j) €
dom z.

2. Uniform global pre-attractivity

For each e, » > 0, there exists a positive real
number T such that for any solution z(t,j) to sys-
tem (8) with [|2(0,0)||4a < r, (t,j) € dom z and
t+j > T imply ||z(t,7)]]a < €, and A is said to
be uniformly globally asymptotically stable (UGAS)
when, in addition, the maximal solutions to sys-
tem (8) are complete.

Furthermore, a function V: dom V' — R is said
to be a Lyapunov function candidate for the hybrid
system H = (F, F,G,J) if the following conditions
hold:

1. FUJUG(J) C dom V;

2. V is continuously differentiable on an open
set containing F, where F denotes the closure of F.

Based on the aforementioned notions, we can in-
troduce the following condition, under which a given
closed set A is UGAS for system H:

(Goebel et al. (2012), Proposi-
Consider a hybrid system H =

Lemma 1
tion 3.27)

(F, F,G,J) and a closed set A C R™. Suppose that
V' is a Lyapunov function candidate for H and there
exist aq, as € Ko and p € PD such that the follow-
ing inequalities hold:

ai([[z]la) SV (z) Saa(l|z]a), V2 € FUTUG(T),
(9)

Vig)—V(z) <0,Vz e J, g € G(z), (10)
(VV(2), f) < —p(l|z]|la), z € F, f € F(2). (11)

If for each r > 0, there exist v, € Ko and N,. > 0
such that for every solution z to H, ||z(0,0)||4 €
(0,7], (t,j) € dom =z, and t + j > T imply that
t > 4(T) — N,, then A is uniformly globally pre-
asymptotically stable for .

We recall the following lemmas, which will be
used to prove the primary theorem next:
Lemma 2 (Qiu (2007), Lemma 3)  For any vectors
x and y with appropriate dimensions, the inequality
20Ty < TXx + yTEgly holds, in which X' is any
matrix with X' > 0.
Lemma 3 (Wang et al. (2002), Lemma 1)  Given
symmetric matrices X, Xy, X3 with X5 > 0, then

4 TE T, < Oifandonlyif | 20 4
1 3 2o 3 y >N X
-3 33
o <o
We now move on to the design of the output-
feedback controller with controller gains defined as

Oor[

Ac = XlAm Bc = Xl-ém
Cc = XQC'Ca Dc = X2D07

where X 1 and Xg are positive definite matrices, and
AC, BC, C"C, and DC are nonzero matrices. Accord-
ingly, the flow map F' and jump map G in system (8)
can be determined immediately as

f:a(ce) ¢
F(C,G,T) = fb~(C7e> ’ G(C,G,T) = 0 )
fe(7) 0
(12)
where
. [ A+ EX,D.C EX,C.
fa(Ce) = [ X'lBCC X-IAC ] ¢
B EX,D.
+[O}Q(C)+[ X,B. ]67
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fCe)=—C ([A + EX,D.C EXQC’C] ¢
+Bg(¢) + EX2Dce)
folr) = 1.

Next, to construct the flow set F and jump
set J, we will introduce the following auxiliary pa-
rameter variables:

K= )‘r;ax(E'l)v
Y= )\max(‘:'l))\max(52)7
£ := max{Amax(Z3), 27},

where

=, = diag (LBTCTILCBL
+(A+ED.C)" C"II,C (A+ ED.C),
ct ETCTH30E00> ,

= D'E"IILED. + B'N;B,,
=-D'E'C" - CED. + 11!

=3 + 115

(13)
Here, H4 = diag(Nl,Ng), and Nl, NQ, Ng, Hl,
I1,, IT; are positive definite matrices. Consequently,
the flow set F and jump set J are defined as

F={(,er):yU
J={( er): U
where 0 < 7 <

1L, (y—Ll+C ¢
—_1 _— = 5 —
n< - +£>, (y)

yT X5y, and Ule) = kee, with X being a positive
definite matrix and ¢ a positive constant satisfying
>4

Remark 2 The flow set F and jump set J indicate
the event-triggered conditions. Note that F N J =
{(¢,e,7) : vU(e) = §(y) and 7 = 7} # &, which
implies that when ({,e,7) € F N J, the evolution
of the system may have two possibilities: (1) the
solution may flow only if the states (¢, e, 7) are kept

~

in F; (2) the system experiences a jump, otherwise.

For convenience, let n = ng + ng + ny + 1.
Next, we will establish a sufficient condition under
which the above system H = (F, F, G, J) is globally
asymptotically stable for a given closed set A C R™.
Theorem 2 Consider the hybrid system H =
(F,F,G,J) with F,G given in Eq. (12) and F,J
given in Eq. (14), and consider the closed set A =
{0} x {0} x R>o € R™. Suppose that matrices X,

1 + H:;l
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Xz, Xg, Nl, N2, Ng, AC, BC, éc, and DC in

Egs. (12) and (14) satisfy linear matrix inequality
(LMI) (15) (on top of the next page).
In LMI (15), X, = X7, X» = X', X3 =

XY o = ATM; + M3A1 + LiM L, + ul,
(:JlQ = AEXQ“FC;FE;F—FM:;AQ, and (:JQQ = A}X2+
CYD! + X2A4+ D.Cy+ LoyMoLo + pul. My, My,
and M3 are positive definite matrices, and p is a
positive constant satisfying p > 1 + 'y/g.
Consequently, set A is UGAS for the hybrid sys-
tem H.
Proof According to Definition 1, we can ob-
tain that set A is UGAS if A is uniformly globally
pre-asymptotically stable and the maximal solutions
to ‘H are complete. Clearly, because dom z is un-
bounded, the maximal solutions to H are complete.
Hence, it remains to show that A is uniformly glob-
ally pre-asymptotically stable by adopting Lemma 1.
To begin with, assume that the system matri-
ces in Eqgs. (12) and (14) satisfy LMI (15). Let us
consider the following Lyapunov function candidate:

V(z) = Vi(¢) + Va(e, 7)
= (TPC+ U(e)g(r)
=z P+ £ P+ U(e)d(7),
where P, = diagﬁ(Mg, XQ), P, =X,,U(e) = keTe,
and ¢(7) = ¢e~ " with ¢ = 1+~/£. Hence, it follows
that
Vi(¢) < V(2) £ VA(Q) + U e).

Define a(||z]|4) = Vi(¢) and V1 (¢) + ¢U(e) =
@(]|z]]4). Clearly, functions a and @ belong to class
Koo, which implies that inequality (9) in Lemma 1
holds. Next, considering the definitions of V((),
¢(7), U(e), and the jump map G(z) in Eq. (12),
it follows that

(16)

which proves condition (10).

Later, to complete the proof of this theorem,
we will show that condition (11) is satisfied; that is,
for any given z € F, there exists a positive definite
function p(]|z||.4) such that

(VV(z), F(z))
=(VV1(€),¢) + o(7)(VU(e), €) + U(e)(Vp (7) , 7)
:<v‘/1(4)7 fa(C7 e>> + (b(T) <VU(6>7 fb(47 e)>

— U(e)ls(r)

< — p[z[].0)-
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To do so, we first separately deal with the Lie deriva-
tives <VV1~(C),fa(C,€)> and (V({(e),fb(c,e». Sub-
stituting f,(¢, e) into (VV1(C), fa(C, €)) yields

(VVi(¢): fu(C.€))
:i‘TpliB + iL‘Tplﬂb + STPQS + STPQE.
:.’BT (A + EXQDCC)Tpl
+P(A+EX,D.C)|x
+ YA X P + P.X A€
+2fY(x)BT"Pix + 2" D X, ET P
+ 2€TB;FX1PQ€ + 2:]3TCTB;FX1P2€
+ 2ETC?X2ETP1$.

Let Q; = diag (M;, Ms).  According to
Lemma 2 and the fact that f satisfies the Lipschitz
condition (2), one has

2fT(x)BT Pz

<z"PBQ{'BTP,x + T (x)Q: f(x)

<a” (PBQ'B"P: + LQIL) x,
2eTDCTX2ET151:B

Sprlﬂjllfﬁw + eTD;FXQETIL;EXgDCe,
2¢"BT X, Py¢

<¢TP,N;'Po¢ + e"BY X1 N3 X, Bee,

(19)
where IT, and N3 are the positive definite matrices
given in Eq. (13). Substituting inequality (19) into
Eq. (18), we find that

(VVi(C), fa(C €))
< ¢TAC+ €T Age — pH(C) — 6(y)

S Amax(/ll>cTC + /\max(A2)eTe - MH(C> - 6(y>7
(20)

M3 B,

[ @1 @19 CTBT 0
* (2122 éc + CEB;F 0 X2B3
* * ACT + AC + pul X, 0
* * * —Nj3 0
* * * * — M,
* * * * *
* * * * *
* * * * *
L * * * * *

MsB,; Ms; 0 Cl
X,B; 0 X, C¥F
0 0 0 0
0 0 0 0
0 0 0 0 < 0. (15)
— M, 0 0 0
* — N3 0 0
* * — N, 0
* * * — X5 |
where
H(¢) =¢"¢,
A @ PIEX;'CHOTBIXP,

* ACTX1P2+P2X1AC+IE’2TQ§II52+MI ’
Ay=DIX,E'IILEX;D.+BYX N3 X, B. =5,
in which
@ =(A+ EX,D.C)"P, + P,(A + EX,D.C)
+LQ,L+P'BQ;'B"P,
+ 15111;1151 + pl + CcTX;C.
Next, we deal with the following Lie derivative:
(VU(e), fo(¢.€)) = k(" e+ e"é)
:meT(—bCTXzETC’T — C’EXQEC)e
—2k¢T"CT X, ETC e — 2k fT(x)BTC e
—2kzT(A+ EX,D.C)"C"e.

(21)

Similarly, using Lemma 2 and inequality (2), we
obtain

—2TCTX,ETC"e
<¢TCrX,ETCTII;CEX,Cot + " T3 e,
—22"(A+ EX,D.C)'C"e
<z¥(A+ EX,D.C)"C"II,C(A
+ EXQDCC>w + eTﬂgle,
—2fT(x)BTC"e
<fY(x)B'"CT'I,CBf(x) +e"II, e
<z"LBTC"II,CBLx + "I '€,
where IT;, I, and Il are the positive definite ma-
trices given in Eq. (13). Consequently, we obtain

(VU (e), fo(¢ €))
SKCTglc + neTEge
<KAmax (El) CTC + /i/\max(ES)eTe

<H(C) + (U e).

(23)
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Combining inequalities (17), (20), and (23) leads to

(VV(2), F(2))
mnax (A1) ¢ ¢+ Anax (Z2)eTe — pH(C)
—3(y) + o(H(C) + €U (e)) — LU (e)o(7)
=—a([¢l) +U(e) — (u—d)H(C) — 6(y)
— ({—=0)pU(e),

where a ([[C]]) = —Amax(A1)¢" ¢

Let pilllzla) = a(lCh, palllzla) = (i —
)H(C), and pa([12]]4) = 3(y)—U e)+({~L)gU e).
We will prove that py, p2, and p3 belong to class PD.

To prove that p; belongs to class PD, we need
to prove that A7 < 0. By Lemma 3 and the fact
that diag(Qs, Q1, IT4, X3) > 0, we have A; < 0 if
the following matrix inequality

(24)

@1 we 0 PB P CT

@os Py 0 0 0

*
* *  —Q3 0~ 0 0 <0
* * * —-Q1 0 0
* * * * 11, 0
* * * * * —X3

_ (29)

holds, in which &1, = (A+EX,D.C)" P, + P, (A+
EX2bCC) + LQlL + ,LLI, (2112 = PFEX;léC +
CTB;Fleg, and woy = ACTX1152 + PzXlAC + ul.
Moreover, considering

(A+EX,D.C)'P,
_ AlT (A3 + Xzbccl)T M 0
o Ag (A4 + XQDCCQ)T 0 X2—1

[ ATM; ATX;'+cCPDY
[ AAMs; AKX +CTD! |

PIEX,C. + C"B X, P,

~ ~ T ~ ~ ~
:[M?’ 0 HO}XQCNL[C1 ]BTXng

0 X,' || I cy |7
[ orBr
| C.+CiBY |’
- [L o M, 0 L, ©
LQlL_{O LQHO M2H0 L2]
[ LMLy 0
- 0 LTM,L, |’
- [M; o B, B,
PIB_[ 0 Xg_lHBz% 34]
[ M3B, M;3B;
| Xo'By X, 'By |’
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it follows that inequality (25) is equivalent to in-
equality (15). Therefore, inequality (15) implies that
p1 belongs to PD.

Moreover, according to the definition of p, it
follows that y > 1+ /¢ > ¢(7). This indicates that
p2 also belongs to PD. Hence, it remains to show
that ps also belongs to class PD.

As for ps, recalling the definition of the flow
set F, we distinguish the following two cases: (1)
~U(e) — d(y) < 0 and (2) vU(e) — d(y) > 0 while
T € [0,7].

Case 1: Suppose that —6(y) + 7U(e) < 0 is
satisfied. It follows that

ps(llzlla) > (€= 0)gU(e),

which implies that p3 € PD, and thus inequality (17)
is proved.
Case 2: Suppose that vU(e) — 6(y) > 0 while
€ [0, 7], which implies that

V/(€ =€) =¢(7) < ¢(1) < $(0) = ¢ < pu.

It leads to —yU(e)+(£—£)¢U(e) > 0. Recalling that
0(y) > 0, we have p3 € PD, and thus condition (17)
is satisfied.

Due to the nature of F', G, F, and J, scaling
an initial condition by a positive constant causes so-
lutions that are scaled by the same constant. There-
fore, it follows that, except for solutions starting at
the origin, each jump is followed by flowing for at
least 7 units of time. In particular, (¢,j) € dom z
implies that j < 1+ ¢/7. In turn, (¢,j) € dom z
and t +j > T imply ¢t > (T — 1)7/(T+1) =
T7/(T+1)—7/(T+1). Let .(T) = T7/(T + 1)
and N, = 7/(7 + 1). Clearly, v, € K« and N,. > 0.
This satisfies the additional condition in Lemma 1.
In summary, we have proven that set A is UGAS for
the hybrid system H.

Remark 3 In Theorem 2, the Zeno phenomenon
can be avoided due to the existence of the minimum

inter-event interval 7 € (0, % In LM + {)] .
g

That is, the system will not jump into set J after the
former jump occurs within 7 units of time. Moreover,
it is noted that the parameters ¢ and ~y can be chosen
in different ways. For instance, if we take ¢ to be any
positive value larger than max{Amax(=3), 27}, then
the upper bound of the minimum inter-event interval
7 will decrease. Similarly, if we take a smaller -y, the
upper bound of 7 will get smaller.



Liu et al. / Front Inform Technol Electron Eng 2022 23(11):1684-1699

Remark 4 It is worth pointing out that in The-
orem 2, the controller gains are determined by the
positive definite matrices Ny, N3, N3, M;, Mo,
I1,, IT,, IT5, X, and LMI (15). In practice, to sim-
plify the computation, one can choose My = q11,
My = @I, N1 = g3I, No = @I, N3 = gsI,
II, = g¢I, IT, = g7I, IT3 = gsI, and X5 = gol,
where ¢; > 0 (i = 1,2,...,9). Consequently, we can
achieve the desired control effect by adjusting the
selection of ¢; (1 =1,2,...,9).

Remark 5 Note that the LMI condition in The-
orem 1 is less conservative than that in Theorem 2.
According to the LMI condition in Theorem 2, the
feasible solutions of A, B, C., and D, are included
in the feasible solutions of Theorem 1. If no feasi-
ble solutions of LMI in Theorem 2 exist, we can use
Theorem 1, but bear a higher control burden.

4 Numerical simulations

In this section, we will present two numerical ex-
amples to illustrate the effectiveness and applicabil-
ity of our proposed methodologies. More explicitly,
we first introduce an unstable neural network sys-
tem and show that both the proposed continuous-
time and event-triggered dynamic output-feedback
controllers are able to stabilize this network system.
Later, we adopt a genetic regulatory network system,
which is also unstable, to illustrate the difference be-
tween event-triggered dynamic output-feedback con-
trollers and static controllers.

Example 1 Counsider a neural network of the fol-
lowing form (Sanchez and Perez, 2003):

&= Ax + Bf(x),

-2 0 1 2
WhereA—{O _2},3—{_3 4}3&1(1
| tanh(z) . -
flx) = [ tanh(zs) ] By taking y = z2 as the

output and imposing the input into the dynamics of
T9, the above network system can be rewritten as

&= Ax + Bf(x) + Eu,

e (26)

where E = [0 1]T and C = [0 1]. Clearly, func-
tion f(x) satisfies the Lipschitz conditions; i.e., it
holds that

fM(@)Qf(x) < =" Qu,
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where @ is any positive definite matrix. This implies
that system (26) has an equilibrium = = [0, 0]* when
the input is absent. One can verify that this equi-
librium is unstable for system (26). Take the initial
states as

[x1(0)7x2(0)]T = [374]T'

The evolution trajectory of states x1 and x5 are de-
picted in Fig. 2a.

Recall the proposed event-triggered dynamic
output-feedback controller design method and con-
struct the following event-triggered output-feedback
controller:

é = Ac€ + Bcga

(27)
u = C.& + D.y,

where § = y(t) with t;, being the k' event-triggered
time, and A¢, B., C., and D, are scalers here, which
will be determined later. Combining Eqs. (26) and
(27), we have the following hybrid system:

¢ = fl (Ca 6)
é:fQ(C7e) (C7€77—)€]:7
r=1
H ; ) (28)
6+:0 (CvevT)€j7
Tt =0
where ¢ := col (x,£), 7 > 0 is the timer variable,
e:=9y—y,and
A+ ED.C EC.
o= A0 B e
+ [ B*';(w> ] + { EBIZC ]e,

f2(¢.¢) == C([A+ED.C ECl¢

+ Bf(z)+ EDCe).

According to Remark 4, taking ¢; = 50, ¢2 =
100, g3 = 100, g4 = 0.5, g5 = 5, g6 = 0.1, g7 = 0.002,
gs = 0.001, and g9 = 0.8, and using the MATLAB
LMI toolbox to compute inequality (15), the gains
in controller (27) are calculated as follows: A, =
—2.5444, B. = 3.9370, C. = —15.6423, and D, =
—18.0449. Moreover, by Theorem 2, it yields v =
737.2263, ¢ = 1546.0898. Then, we can obtain the
upper bound of the minimum inter-event interval 7
as 0.4483 ms. In the simulations, we choose T =
0.4483 ms. Then, sets F and J will be determined
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F={(C e,7) : 240.3072¢Te < yTy
or 7 € [0,0.0004483]} ,

T ={(C e, 7) : 240.3072¢Te > Ty
and 7 > 0.000448 3} .

Take the initial states as [z1(0),22(0)]" =
13,47, [€(0),e(0),7(0)]" = [0,0,0]". It can be
seen from Fig. 2b that the states x; and x5 con-
verge to zero gradually under event-triggered dy-
namic output-feedback control, which means that
the closed-loop hybrid system (28) is globally asymp-
totically stable. Define the event intervals as d, =
tpe1 — tr with & = 0,1,... (Fig. 2¢). The figure
reflects the relationships between the triggering in-
stants and the triggering intervals. It turns out that
the sequence of {0} is a combination of two kinds
of intervals: one is larger than 7 and the other is

x107°

1.0

£

Event interval (x1 03 s)

t(s)
(c)
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equal to 7. Intuitively, the former is caused by the
condition 240.3072e"e > yTy, and the latter one is a
result of the minimum event-triggered interval con-
straint, which also prevents the Zeno phenomenon of
system (28).

In addition, to compare the effectiveness of
continuous-time and event-triggered control, con-
sider the following continuous-time dynamic output-
feedback controller:

- = A + By,
3 € clY (29)
u = Cc€ + Dey.

Because the designed controller gains in the

continuous-time dynamic output-feedback controller
also satisfy condition (5) in Theorem 1, we have that
the obtained continuous-time closed-loop system is
globally asymptotically stable (Fig. 2d). Note that
the controller gains in Eq. (29) are the same as those

t(s)
(d)

Fig. 2 Simulation results of Example 1: (a) evolutions of x(t) of the original system; (b) evolutions of x(t) of
the closed-loop system under event-triggered dynamic output-feedback control; (c) evolutions of the intervals
of event-triggered instants (the height of each vertical line shows the triggering interval between the current
triggering instant and the last triggering instant); (d) evolutions of x(t) of the closed-loop system under

continuous-time dynamic output-feedback control
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in the event-triggered dynamic output-feedback con-
troller. This situation reflects the fact that these two
closed-loop systems have similar convergence time.
However, the event-triggered control method reduces
the number of transmission times and the control
burden.

Example 2 Consider a genetic regulatory network
system of the following form (Li and Sun, 2010):

p=Ap+ Bf(p),

where p = [p1,p2]t, A

- {_55 —55} B =

[ :; _01 } and f(p) = [ 1;81?; ] Because

1/(14p%) = 1-p?/(1+p?), Eq. (30) Ca2n be rewritten

N p=Ap - Bf(p) (31)

where f(p) = | VAP ] gy 2 [ 2] &
[pz/ (1+p3) _] [ —2 }

can be verified that state p* = [61.1133,61.1133]" i

an unstable equilibrium of system (31). Taking the
initial states as p(0) = [30,80]",
jectories of states p; and ps are as shown in Fig. 3a.
Let * = p — p*; hence, the error system is obtained
as

the evolution tra-

& = Az + Byg(z), (32)

where B = —B, g(x) = f(x + p*) — f(p*). Note
that thanks to the form of f, g(x) satisfies the Lip-
chitz conditions and for any Q > 0, g% (z)Qg(z) <
0.252TQx holds.

By taking y = x5 as the output and considering
the input u, the above error system can be rewritten

as
& = Az + Bg(z) + Eu,

33
)= Ca. (33)
where E = [0 1]T, C = [0 1]. Similarly, combin-
ing Eqs. (27) and (33), we have the following hybrid
system:
¢=hi(Ce)
é:fQ(C7e) (C,B,T)ef,
=1
H 34
¢r=¢ 34
6+: (C7€77—)€j7
=0

where ¢ := col (x,£), 7 > 0 is the timer variable,

Blzg—y,
hico = AEC B ¢
Byg(x) ED,
+[ ! }+[ Y }
f2(Cre) = ([A+EDC EC.¢

+ Bg(x) + EDCe) .

According to Remark 4, taking ¢ = 0.8, ¢2 =
130, g3 = 100, g4 = 0.5, g5 = 5, g6 = 0.2, g7 = 0.002,
qs = 0.002, and q9 = 1, and using the MATLAB LMI
toolbox to compute inequality (15), the gains in con-
troller (27) are calculated as follows: A, = —3.9406,
B. = 5.4912, C, = —23.9696, and D. = —21.6673.
Moreover, by Theorem 2, it yields v = 570.5843,
¢ =1141.1686. Then, we can obtain the upper bound
of the minimum inter-event interval 7 as 0.61 ms. In
the simulations, we choose 7 = 0.61 ms. Then, sets

F and J will be determined by

F={(¢ e 7):959.8677Te < yTy
or 7 € [0,0.00061]},

T ={(¢,e,7) :959.8677¢ e > yTy
and 7 > 0.00061} .

Take the initial states as [z1(0),22(0)]" =
[30,80]" and [£(0), ¢(0), 7(0)]" = [0,0,0]"
seen that the states x1 and xo converge to zero grad-
ually (Fig. 3b). This implies that the hybrid system
is asymptotically stable and reflects the effectiveness
of the proposed control strategy.

Again, to compare the effectiveness of our pro-
posed dynamic output-feedback controller with that
of a static output-feedback controller, consider a
static output-feedback controller designed as u =

. It can be

Ky. To compare these two control strategies more
fairly, we take K = D. = —21.6673 and the
same event-triggered condition in the static output-
feedback method as those in the dynamic case. The
simulations results in Figs. 3c and 3d show that the
evolutions of states in the dynamic output-feedback
control system have shorter convergence time. One
intuitive reason for this phenomenon is that different
from the static output-feedback controller, the dy-
namic output-feedback controller introduces an aux-
iliary variable £ which contains the memory infor-
mation of y and hence guarantees a more effective
control result.
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100 T

50

Q
-50
-100 I | | |
0 2 4 6 8 10
t(x10*s)
(@)
0 T © T
X1 under dynamic output-feedback control
—oe— x4 under static output-feedback control
-101 1
X
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-304 L [ i i 1
0 1 5
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(c)
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2 0 T T T

=40
0 1 2 3 4 5
t(s)
(b)
20 T T
X2 under dynamic output-feedback control
15 —oe— x; under static output-feedback control |
10 1
5
5 1
0 W
0 1 2 3 4 5

t(s)
(d)

Fig. 3 Simulation results of Example 2: (a) evolutions of p(t) of the genetic regulatory network system; (b)
evolutions of x(t) of the closed-loop error system under event-triggered dynamic output-feedback control;
(c) evolutions of x1(t) under dynamic output-feedback (red line) and static output-feedback (blue-circle line)
control; (d) evolutions of x2(t) under dynamic output-feedback (red line) and static output-feedback (blue-
circle line) control. References to color refer to the online version of this figure

5 Conclusions

In this paper, we addressed the problem of dy-
namic output-feedback control for a class of Lips-
chitz nonlinear systems. Both continuous-time dy-
namic output-feedback control and event-triggered
dynamic output-feedback control have been inves-
For
the continuous-time dynamic output-feedback con-

tigated for such Lipschitz nonlinear systems.

trol strategy, sufficient conditions for stability of the
obtained closed-loop system have been established.
In addition, for the event-triggered dynamic output-
feedback control strategy, based on the design of
the dynamic output-feedback controller gains and
the event-triggered conditions, a hybrid system has
been presented. Sufficient conditions have been pro-
posed to ensure the stability of the hybrid system
and an upper bound of the minimum inter-event
interval has been provided to avoid the Zeno phe-

nomenon. Finally, simulation results of two con-
trol strategy classes for nonlinear systems have been
provided to confirm the efficiency of the proposed

results.

One of our future research topics will be the
study of robust event-triggered dynamic output-
feedback control for nonlinear systems with external
disturbance. In addition, the extension of the the-
oretical results to generalized Lipschitz systems is
another future topic.
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Appendix: Proof of Theorem 1

Suppose that there exist positive definite ma-
trices X1, X2, Q1, Q2, and matrices A., B, C.,
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D, with appropriate dimensions such that LMI (5)
is satisfied. Then, consider a Lyapunov function

V=Vi+Vo=a"Pax+ P,

where P, = diag (X1, X2) and P, are symmetric
positive definite matrices. To prove that system (4)
is globally asymptotically stable, it suffices to show
that the derivative V is negative definite. To this
end, calculating the derivatives of V4 and V5 along
with Eq. (4) yields

Vi =" Pz + 2" P&
=[(A+ ED.C)x + Bf(z) + EC.£]" Pz
+z"P[(A+ ED.C)x + Bf(z) + EC.¢]
=z'[(A+ ED.C)'P, + P,(A+ ED.C))x
+2fN(x)B"Piz +2¢"CIE Pz,
Vo =€TPo¢ + €T Py
=(Ac& + B.Cz)" ' Ps¢ + £ Py(A + B.Cx)
=¢1(AIP, + P,A)E + 22" CTB! Pt

(A1)
By means of inequality (2) and Lemma 1, we
have

2fT(x) BT Pz
<z"P.BQ 'B"Piz + fT(x)Qf(z)
<eTP BQ 'BTPix +2"LQLx

=" (PLBQ 'B"P, + LQL)x, (A2)

where @ = diag (Q1,Q2) is a positive definite ma-
trix. Substituting inequality (A2) into Eq. (A1), we
have

Vv =V1 + Vz
<z'[(A+ED.C)'P, + Pi(A+ ED.C)
+ P BQ 'BTP, + LQL)x
+22TCT"BI Pyt + €T (AP, + P, A€
+2¢6TCTET P

=¢TP¢, (A3)

where ¢ = col (z, &),

- (R

5 PEC, + C"B!'P,

* A;FP2+P2AC

Herein @; = (A + EDCC’)T P +P (A+ED.C)+
LQL + P BQ 'BTP,. Therefore, if P < 0, the
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closed-loop system (4) is globally asymptotically sta- LOL — [ L, 0 ] [ Q: 0 ] [ L, 0 ]
ble. P can be rewritten as 0 L, 0 Q- 0 Lo
p_| Ou P EC.+C"B!P; _ [ L.Q:L, 0 } ,
- * ACTPQ + PQAC 0 L2Q2L2
s _ X, 0 B, B
P.B B _ PB— 1 1 2
+|: 0 ]QI[BTPI 0]7 ! 0 X2 B3 B4
_ | XuBy XiBs
where ®11 = (A + EDCC)TP1 + Py (A + .ENDCC) + - X.B; X2B4 :
LQL. Using Lemma 2, it follows that P < 0 is
equivalent to Therefore, BMI (A4) can be converted into
®,, P'EC.+C'B'P, PB win wip wiz X1Br X1Bo
* A;FPQ + P2AC 0 < 0. (A4) * woo wo3 XoB3 XoBy
* * -Q * ¥ wa3g 0 0 <0, (AbH)
* * * -Q 0
Obviously, expression (A4) is a bilinear matrix " “ " “ —Q,
inequality (BMI) problem which may be difficult to L
solve. Next, we convert and decompose the matrices where
in BMI (A4). Note that w1 =ATX, + XA, + LiQ. Ly,
T
(A+ED.C)" P, wiz = (A3 + D.Cy)" Xo + X1 Az,

i — CI'B!'P.
— ArlI‘ (A3 + DCCI)T X1 0 w13 1 Pect2 .
Ag (A4 + DCC2)T 0 X W22 = (A4 + DCCQ) X5 + XQ(A4 + DCC2)

- 4 LoQs Lo,
ATX, (A3+DCC&)TX2] 2Qal

ATX, (A,+D.Cy)" X,
P'EC.+C"B; P,
_ [ X, 0 0 C.+ Clz BCTP2 B Let Ac = PZAC7 B. = P2B07 C. = X2C(37
0 Xo || I ]

Wo3 = XQCC + C2TBCTP2,
w33 = AEPQ + PQAC.

D. = X3D.. Then inequality (A5) is equivalent
CTBTP, to LMI (5). Moreover, let Py = ¢~ 'I. Then we
= X,C, :—C(;TBTPQ ] , can adjust the parameters of the controller by ¢ as
- ¢ 27 Eq. (6). This ends the proof of Theorem 1.
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