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Abstract: In this paper, the distributed optimization problem is investigated for a class of general nonlinear model-
free multi-agent systems. The dynamical model of each agent is unknown and only the input/output data are
available. A model-free adaptive control method is employed, by which the original unknown nonlinear system
is equivalently converted into a dynamic linearized model. An event-triggered consensus scheme is developed to
guarantee that the consensus error of the outputs of all agents is convergent. Then, by means of the distributed
gradient descent method, a novel event-triggered model-free adaptive distributed optimization algorithm is put
forward. Sufficient conditions are established to ensure the consensus and optimality of the addressed system.
Finally, simulation results are provided to validate the effectiveness of the proposed approach.
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1 Introduction

Recently, the distributed coordination of multi-
agent systems (MASs) has been widely applied in
various practical engineering fields, such as smart
grids (Mao et al., 2021), automated vehicles (Xie
et al., 2022; Ge et al., 2023a; Zhang XM et al., 2023),
and distributed filtering (Chen et al., 2022; Liu S
et al., 2022). Generally speaking, MASs are com-
posed of interacting individual agents that work col-
laboratively under certain protocols to handle com-
plicated problems. During the past decades, the
analysis, control, and optimization of MASs have
emerged as popular research areas and have at-
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tracted considerable research attention. Among the
research topics of MASs, the consensus is a funda-
mental problem whose main purpose is to develop
some control methods to propel all agents’ states to
a common value (Chen et al., 2020; Ju et al., 2022;
Li and Wei, 2022; Zhang QC and Zhou, 2022; Ning
et al., 2023; Zhang WJ et al., 2023).

For the consensus issue of MASs, it is commonly
recognized that the dynamics of agents is available.
However, due to the ever-increasing complexity of
engineering systems, it is usually difficult and even
impossible to establish precise dynamical models of
each agent, and this is particularly true for prac-
tical MASs that exhibit complicated characteristics
including high order, strong nonlinearity, and tight
coupling. This gives rise to the model-free MASs
whose analysis and synthesis topics have drawn pre-
liminary academic attention. Because the explicit
system model is ambiguous and the availability of
information regarding system dynamics is confined
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to merely input/output (I/O) data, the quest for
the means to design an effective model-free control
approach by using the I/O data is a rather chal-
lenging problem. To address this problem, data-
driven control methods have been developed in the
past decades, among which the model-free adaptive
control (MFAC) method is a representative data-
driven approach. Different from traditional model-
free methods that require identification of unknown
nonlinear models, MFAC employs a novel dynamic
linearization technique, based on which the general
nonlinear system is equivalently converted into a dy-
namic linearized model. Owing to their advantages
in dealing with the nonlinearities, MFAC algorithms
have received ever-growing research interest, with a
large number of results both in the theoretical analy-
sis (Hou and Jin, 2011a, 2011b; Bu et al., 2018; Hou
and Xiong, 2019; Wang XL et al., 2022; Zhu QM et
al., 2023) and practical applications including intel-
ligent transportation (Liu SD et al., 2019), aircraft
control (Ye et al., 2022), and medical device control
(Fetanat et al., 2020; Pinto et al., 2022).

In certain engineering applications of MASs, we
not only are concerned with collaborative behav-
iors (e.g., consensus, flocking, and swarming), but
also take the economic point of view into account
(e.g., operation cost and resource utilization effi-
ciency), which can be concluded as the optimization
problem for MASs. The optimization problem for
MASs is considered in light of various objectives of
individual agents, and the main purpose of adopting
this approach is the designing of certain optimiza-
tion approaches that would enable a globally opti-
mal solution to be achieved. For existing optimiza-
tion schemes for MASs, there are two representative
optimization approaches, namely, the centralized op-
timization and the distributed optimization. Under
the context of the issue of distributed optimization,
agents communicate with their neighboring agents
by only using the local information exchange and
make the optimal decisions through collaborative ef-
forts. Although the centralized optimization scheme
might achieve a better performance compared with
the distributed optimization approach, it is quite
sensitive to network connectivity and is more com-
putationally intensive. When it comes to the case
wherein the system scale becomes large, together
with the quantum of resources available for com-
putation being limited, such a centralized optimiza-

tion method is rendered inapplicable. Therefore, the
distributed optimization for MASs has been an ac-
tive research topic that has found extensive applica-
tions in parameter estimation of energy configuration
(Martins and Oleskovicz, 2022; Yu et al., 2022), com-
munication network (Luo et al., 2023; Zhu WB and
Wang, 2023), and economic dispatch of smart grid
(Mao et al., 2021; Wang LC et al., 2022b).

For distributed optimization problems, it is es-
sential to establish an effective optimization algo-
rithm. Moreover, the dynamics of the agents and
the corresponding communication topology play a
crucial role in evaluating the performance of opti-
mization algorithms. Up to now, plenty of clas-
sic algorithms have been devoted to various dis-
tributed optimization problems, involving both the
undirected and directed communication topologies,
and these studies have served as a basis for subse-
quent works (Nedic and Ozdaglar, 2009; Nedić and
Olshevsky, 2015; Lu and Tang, 2012; Shi et al., 2014).
In addition, much research effort has been put for-
ward for different types of agent’s dynamical models
(e.g., double-integrator systems, linear systems, and
Euler–Lagrangian systems) (Hu et al., 2020; Huang
and Meng, 2022; Cui et al., 2023). However, the
aforementioned results are built on the basis that
the dynamics of agents is precise and known a prior,
which unfortunately is usually unrealistic to fulfill
in practice. As a consequence, how to develop an
optimization algorithm without acquiring accurate
system dynamics is of both theoretical significance
and practical necessity.

It is worth mentioning that for the purpose of
achieving certain collaborative tasks, the data ex-
change among agents is inevitable. However, in
numerous practical applications especially for the
digital-communication-based MASs, it is often the
case that the communication resource is limited,
which means that frequent communication is unre-
alistic (Wang LC et al., 2022a, 2023). In this case,
it is crucial to alleviate communication burden. Re-
cently, the event-triggered (ET) mechanism has been
employed in state estimation/control/optimization
problems due mainly to its advantage of efficient re-
source usage (Ge et al., 2022; Liu ZQ et al., 2022;
Ma et al., 2022). A thorough literature search has
revealed that the ET scheme has hardly been ap-
plied to model-free MASs, not mentioning the cor-
responding distributed optimization problem, which
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motivates us to fill this gap.
Building on the aforementioned discussions, in

this paper, the ET distributed optimization prob-
lem for model-free multiple-input multiple-output
(MIMO) MASs has been investigated. This is by no
means a trivial task due primarily to the following
challenges: (1) How to develop an ET mechanism for
the model-free MASs? (2) How to embed the MFAC
scheme into the distributed optimization algorithm?
(3) How to conduct effective analysis guaranteeing
the convergence of the addressed MAS?

In view of the above issues, we endeavor to
propose a novel event-triggered model-free adaptive
distributed optimization (ET-MFADO) algorithm,
by which the consensus performance of MASs is
achieved and the optimality of the global objective
function is ensured. The main contributions of this
study are summarized as follows:

1. A novel ET-MFADO algorithm is proposed
to derive the optimal solution of the global objective
function for nonlinear MIMO MASs.

2. Compared with existing results, the data-
driven ET-MFAC strategy is successfully embed-
ded into the distributed optimization algorithm for
model-free-based MASs.

3. Sufficient conditions are established to ad-
dress the convergence of both the consensus perfor-
mance and the proposed optimization algorithm.

Notations: Let R
n and R

p×q denote the n-
dimensional Euclidean space and the set of all p× q

real matrices, respectively. The Kronecker product
of matrices A and B is described as A ⊗ B. AT

represents the transpose of A. ρmin{A} refers to
the minimum eigenvalue of matrix A. For a vec-
tor x and a matrix X , ‖x‖ and ‖X‖ denote the
Euclidean norm and the Frobenius norm, respec-
tively. sign(x) is called a sign function. diag{·}
stand for a block-diagonal matrix. A column vec-
tor

[
aT1 aT2 . . . aTN

]T
is defined as colN{ai}. N

stands for the set of natural numbers.

2 Preliminaries and problem formula-
tion

2.1 Preliminaries

For any vectors x, y ∈ R
n, function f(·) : Rn →

R is called a convex function if the following condi-

tion is satisfied:

f(y)− f(x) ≥ ∇fT(x)(y − x),

where ∇f(·) ∈ R
n denotes the gradient of function

f(·).
A weighted undirected graph can be described

as G � {V , E ,A}, where V � {1, 2, . . . , N} is the
node set containing N agents, E ⊆ V × V is a
set of edges, and A � [aij ] ∈ R

N×N represents
the weighted adjacency matrix of the graph. If
agent i can acquire information from agent j, it
means that there is a path from agent j to agent
i, (j, i) ∈ E , and j is called a neighbor of agent
i. The set of neighbors of agent i is denoted by
Ni � {j ∈ V | (j, i) ∈ E}. In this case, aij = aji > 0

if and only if (i, j) ⊆ E , and aij = 0 otherwise. The
Laplacian matrix of graph G is defined as L � A−D,
where D � diag{d1, d2, . . . , dN} is an in-degree ma-
trix with di =

∑
j∈Ni

aij .

2.2 Problem formulation

Consider a nonlinear MAS composed of N

agents, in which the MIMO system, given the fol-
lowing, describes the dynamics of agent i:

yi(h+ 1) = gi(yi(h), ui(h)), i = 1, 2, . . . , N, (1)

where yi(h) ∈ R
n is the measurement output of agent

i whose value is available at time step h, and ui(h) ∈
R

n is the control input of agent i. gi(·, ·) : Rn×R
n →

R
n is an unknown nonlinear vector-valued function

of agent i.
To facilitate our analysis, some assumptions are

proposed for nonlinear system (1).
Assumption 1 The partial derivative of non-
linear function gi(x, y) is continuous with respect to
y.
Assumption 2 System (1) satisfies the gen-
eralized Lipschitz condition; that is, for any nonzero
vector Δui(h) � ui(h)−ui(h−1) , one has ‖Δyi(h+

1)‖ ≤ m‖Δui(h)‖ with Δyi(h+1) � yi(h+1)−yi(h)

and m being a known positive scalar.
Remark 1 It should be mentioned that the
above assumptions are quite common in engineering
applications. In particular, Assumption 1 is actually
a mild constraint on the system nonlinearity. The
system output signal’s change rate is capped by As-
sumption 2 at an upper limit, which is a crucial and
reasonable requirement for a broad range of practical
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systems including the MASs (Tan et al., 2022), the
interconnected microgrid systems (Zhang HG et al.,
2017), and the implantable heart pump systems (Fe-
tanat et al., 2020).

On the basis of the above assumptions, we are in
a position to introduce the following valuable lemma,
which plays an important role in the subsequent de-
sign of the MFAC scheme:
Lemma 1 (Hou and Jin, 2011a) Given that
MAS (1) satisfies Assumptions 1 and 2, if ‖ui(h)‖ 
=
0 holds, then system (1) is equivalently converted
into the dynamic linearization model as follows:

Δyi(h+ 1) = �i(h)Δui(h), i = 1, 2, . . . , N, (2)

where

�i(h) �

⎡

⎢⎢
⎢
⎣

�i,11(h) �i,12(h) · · · �i,1n(h)

�i,21(h) �i,22(h) · · · �i,2n(h)
...

...
...

�i,n1(h) �i,n2(h) · · · �i,nn(h)

⎤

⎥⎥
⎥
⎦

is called the pseudo-partial-derivative (PPD) matrix
and satisfies ‖�i(h)‖ ≤ m.

With the help of such an equivalent transfor-
mation, it is ensured that there is no loss of sys-
tem information during the linearization process, so
that there is no theoretical modeling error between
Eqs. (1) and (2).

2.3 Distributed optimization

In this subsection, the distributed optimization
problem associated with MAS (1) is formulated as
follows:

min
x∈Rn

f(x) =
N∑

i=1

fi(x), (3)

where fi : R
n → R is a local convex cost func-

tion of agent i, i ∈ V . f∗ � minx∈Rn f(x∗) and
x∗ � argminx∈Rn f(x) are defined as the global op-
timal value of optimization problem (3) and the so-
lution that minimizes the global objective function,
respectively.

To guarantee that convex optimization
problem (3) has a unique optimal solution, the
following assumptions are given:
Assumption 3 The gradient of each local ob-
jective function fi(·) is bounded; that is, there exists
a positive scalar d such that for i ∈ V , ‖∇fi(·)‖ ≤ d.

Assumption 4 The diminishing step-size
α(h) is a positive sequence satisfying the following
conditions:

∞∑

h=0

α(h) = ∞,

∞∑

h=0

α2(h) < ∞, α(h) ≤ α(ς), (4)

for all h > ς ≥ 0.

2.4 Event-triggered mechanism

For the sake of saving communication resource,
the ET mechanism is employed to reduce the quanta
of data necessitated by communication among agents
and their neighbors. To be specific, 0 ≤ hi

0 < hi
1 <

hi
2 < · · · < hi

s < · · · represents the series of trig-
gering instants of agent i, which is iteratively deter-
mined by the following rule:

hi
s+1 = inf{h ∈ N|h > hi

s, Γi(ei(h), θi) > 0}, (5)

where the event generator function Γi(ei(h), θi) is
defined as follows:

Γi(ei(h), θi) � eTi (h)ei(h)− θi. (6)

Here, ei(h) � ỹi(h
i
s)−ỹi(h), hi

s is the latest triggering
instant of agent i corresponding to sampling instant
h, and threshold θi is a positive scalar to design. It is
obvious that the triggering instant hi

s updates when
condition Γi(ei(h), θi) > 0 is satisfied.
Remark 2 To determine whether there pre-
vails a necessity of triggering an event, the controller
evaluates, at each operating moment, whether the
sampling error surpasses a predetermined threshold.
When ET condition (6) is satisfied, the control sig-
nal is updated and sent to the actuator to make the
error return to zero. Otherwise, the system input
remains at its current value. It should be noted that
the trigger condition will not continue to be satisfied
indefinitely as long as there is a lower bound on the
sampling period. As a result, the ET mechanism
that has been designed can avoid Zeno behavior.

Before proceeding further, the following defi-
nitions and lemmas are introduced first. Denoting
ỹi(h) � ȳ(h)− yi(h) by the consensus error of agent
i, we then obtain the augmented consensus error dy-
namics as ỹ(h) � colN{ỹi(h)}.
Definition 1 The closed-loop system (1) is said
to be ultimately consensusable, if the augmented
consensus error dynamics satisfies

lim
h→∞

‖ȳ(h)− yi(h)‖ = lim
h→∞

‖ỹi(h)‖ = 0, ∀i ∈ V ,
(7)
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where ȳ(h) � 1
N

N∑

i=1

yi(h) ∈ R
n is the average state

of all agents.
Definition 2 The output trajectories yi(h) of
MAS (1) converge to the optimal solution y∗ if the
following condition is met:

lim
h→∞

‖y∗ − yi(h)‖ = 0, ∀i ∈ V . (8)

Lemma 2 (Polyak , 1987) Let {t(h)}, {π(h)},
and {ε(h)} be three nonnegative scalar sequences
that satisfy ε(h) ≥ 0, π(h) ≤ 1,

∑∞
h=0 π(h) = ∞,

and limh→∞
ε(h)
π(h) = 0, such that

t(h+ 1) ≤ (1− π(h))t(h) + ε(h) (9)

for all h ∈ N. Then, limh→∞ t(h) = 0.
Lemma 3 (Nedić and Olshevsky, 2015) Let
{
(h)} be a nonnegative scalar sequence. If there
exist scalars ϑ(h) ≥ 0, ϕ(h) ≥ 0, and φ(h) ≥ 0 sat-
isfying

∑∞
h=0 ϑ(h) < ∞ and

∑∞
h=0 φ(h) < ∞, such

that


(h+ 1) ≤ (1 + ϑ(h))
(h)− ϕ(h) +�(h) (10)

for all h ∈ N, then the sequence 
(h) converges to 0,
namely, limh→∞ 
(h) = 0 and

∑∞
h=0 ϕ(h) < ∞.

Lemma 4 (Hardy et al., 1952) Given any x, y ∈
R

n, for any scalar � > 0, the following inequality
holds:

xTy ≤ xTx

2�
+

�yTy

2
. (11)

To summarize, the primary goal is to design an
MFAC scheme ui(h) for MAS (1) under ET commu-
nication mechanism (5), in such a way that the fol-
lowing two requirements are simultaneously satisfied:

(1) The closed-loop system (1) is ultimately
consensusable;

(2) The output trajectories yi(h) of MAS (1)
converge to the optimal solution y∗.

3 Main results

In this section, the ET-MFADO algorithm is
proposed by using the MFAC method, considering
communication resource constraints. Then, we dis-
cuss the convergence of both the consensus perfor-
mance and the proposed optimization algorithm for
MAS (1).

3.1 Algorithm design

1. The traditional distributed MFAC. In engi-
neering practice, it is usually difficult to determine
the exact value of �i(h) in Eq. (2). Thus, an alterna-
tive way is to develop a certain estimation algorithm
to obtain an estimate of �i(h) by using the I/O data
(i.e., ui(h) and yi(h)). In this sense, the following
distributed MFAC scheme is designed:

The following performance index functions are
introduced:

J(�̂i(h)) =‖Δyi(h)− �i(h)Δui(h− 1)‖2
+ ν‖�̂i(h)− �̂i(h− 1)‖2,

(12)

J(ui(h)) = |ξi(h)|2 + μ‖ui(h)− ui(h− 1)‖2. (13)

We differentiate Eqs. (12) and (13) with respect
to �̂i(h) and ui(h), respectively, and let them equal
to 0.

Then, we have

�̂i(h) =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

[�̂i,jl]n×n, if |�̂i,jl(h)| < m2, j = l,

or |�̂i,jl(h)| > am2, j = l,

or |�̂i,jl(h)| > m1, j 
= l,

or sign(�̂i,jl(h)) 
= sign(�̂i,jl),

�̂i(h− 1)

+
(
Δyi(h)− �̂i(h− 1)Δui(h− 1)

)

· γΔuT
i (h− 1)

ν + ‖Δui(h− 1)‖2 , otherwise,

(14)

ui(h) = ui(h− 1) + Pi(h)ξi(h), (15)

where �̂i(h) � [�̂i,jl(h)]n×n is the estimate of �i(h),
Pi(h) =

λ�̂T
i (h)

μ+‖�̂i(h)‖2
, and ξi(h) �

∑

j∈Ni

aij(yj(h) −
yi(h)). γ, λ ∈ (0, 1) are the step sizes, and ν, μ >

0 are weighted factors. �̂i,jl(h) is an estimate of
�i,jl(h) and �̂i,jl is the given initial value of �̂i,jl(h)

with j, l = 1, 2, . . . , n, a > 1, and m2 > m1 > 0.
Remark 3 It follows from Lemma 1 that
nonlinear MAS (1) can be converted into linearized
model (2). Moreover, the update of parameter es-
timate (14) and control scheme (15) are obtained
by minimizing two performance indicators that have
been defined in Bu et al. (2018). For details, read-
ers can refer to Bu et al. (2018) and the references
therein.



Zheng et al. / Front Inform Technol Electron Eng 2024 25(2):214-224 219

2. The ET-MFADO. To better study the dis-
tributed optimization problem, we introduce a gra-
dient variable for control input ui(h). The ET-
MFADO algorithm is given as follows:

Case 1: h = hi
s.

�̂i(h) =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

[�̂i,jl]n×n, if |�̂i,jl(h
i
s)| < m2, j = l,

or |�̂i,jl(h
i
s)| > am2, j = l,

or |�̂i,jl(h
i
s)| > m1, j 
= l,

or sign(�̂i,jl(h
i
s)) 
= sign(�̂i,jl),

�̂i(h
i
s − 1)

+
(
Δyi(h

i
s)− �̂i(h

i
s − 1)Δui(h

i
s − 1)

)

· γΔuT
i (h

i
s − 1)

ν + ‖Δui(hi
s − 1)‖2 , otherwise,

(16)

ui(h) = ui(h
i
s − 1) + β(h)Pi(h)ξi(h

i
s)− d̃i(h− 1).

(17)

Case 2: h ∈ (hi
s, h

i
s+1).

{
�̂i(h) = �̂i(h

i
s),

ui(h) = ui(h− 1) + β(h)Pi(h)ξi(h
i
s)− d̃i(h− 1),

(18)
where d̃i(h) = α(h)di(h), di(h) is the gradient of
the ith local objective function fi(·), and β(h) is a
positive sequence satisfying the following conditions:
(1) β(h + 1) ≤ β(h) ≤ 1; (2) limh→∞ β(h) = 0 and∑∞

h=1 β
2(h) < ∞.

3.2 Consensus analysis

At the level of MASs, some system states can be
described as the following column vectors:

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

y(h) � colN{yi(h)},
u(h) � colN{ui(h)},
ξ(h) � colN{ξi(h)},
ỹ(h) � colN{ỹi(h)},
e(h) � colN{ei(h)},
d̃(h) � colN{d̃i(h)},
yd(h) � colN{ȳ(h)}.

(19)

ξi(h), in the research of MASs, represents the state
information that can be obtained from each agent
and the neighboring agents, as expressed by the
following:

ξi(h
i
s) =

∑

j∈Ni

aij
(
ỹi(h

i
s)− ỹj(h

i
s)
)
. (20)

In combination with Eq. (6), one can deduce that

ξi(h
i
s) =

∑

j∈Ni

aij
[
(ỹi(h)− ỹj(h)) + (ei(h)− ej(h))

]
.

(21)

Then, Eq. (21) can be reformulated as the following
form:

ξ(hi
s) = (−L⊗ In)(ỹ(h) + e(h)), (22)

where L is the Laplacian matrix and In is an n × n

identity matrix.
In what follows, from Eq. (2), the average con-

sensus error is reformulated as
ỹi(h+ 1) = ỹi(h)− �i(h)Δui(h)

+ (ȳ(h+ 1)− ȳ(h)).
(23)

According to control input update
algorithm (18), Eq. (23) can be reformulated
as
ỹi(h+ 1) =ỹi(h) + (ȳ(h+ 1)− ȳ(h))− �i(h)

·
(
β(h)Pi(h)ξ(h

i
s)− d̃i(h− 1)

)
.

(24)

By means of augmentation operation, one ob-
tains the following compact system:

ỹ(h+ 1) =ỹ(h)−Q(h)
[
β(h)P (h)

(− L⊗ In
)

· (ỹ(h) + e(h)
)− d̃(h− 1)

]

+ (yd(h+ 1)− yd(h))

= M(h)ỹ(h) +Q(h)d̃(h− 1)

+ η(h+ 1) +A(h)β(h)e(h),

(25)

where P (h) � diag{P1(h), P2(h), . . . , PN (h)},
Q(h) � diag{�1(h),�2(h), . . . ,�N (h)}, A(h) �
Q(h)P (h)(L ⊗ Ln), M(h) � IN ⊗ In + β(h)A(h),
and η(h+ 1) � yd(h+ 1)− yd(h).

In the following theorem, the consensus of error
system (25) with the proposed MFADO algorithm is
investigated:
Theorem 1 Given Assumptions 1 and 2, let
scalars ν, μ > 0, τ, λ, γ ∈ (0, 1), and matrices Ā,
M̄ , and Q̄ be known. MAS (1) is ultimately consen-
susable under the proposed algorithm in Eqs. (16)–
(18) if there exist positive scalars ε1–ε3 and �1–�6
satisfying

Π1�

⎡

⎢
⎢
⎢
⎣

Π11 ∗ ∗ ∗
0 �̆2Q̄−ε1I ∗ ∗
0 0 (�̆3−ε2)I ∗
0 0 0 �̆4Ā−ε3I

⎤

⎥
⎥
⎥
⎦
<0,

(26)
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where Π11 � �̆1M̄ − (1 − τ)I, �̆1 � 1 + �1 + �2 + �3,
�̆2 � 1 + �−1

1 + �4 + �6, �̆3 � 1 + �−1
2 + �−1

4 + �5, and
�̆4 � 1 + �−1

3 + �−1
5 + �−1

6 .
Proof The proof of this theorem is provided in the
supplementary materials.

3.3 Optimality analysis

After setting the consensus criterion for
MAS (1) in Theorem 1, in this subsection, our pri-
mary attention will be focused on the distributed
optimization problem (3). Based on the results ob-
tained in Theorem 1, we aim to provide a suffi-
cient condition for ensuring that the convergence of
the output trajectories of MAS (1) is in an optimal
manner.

Defining the optimization error ŷi(h) � y∗ −
yi(h), ŷ(h) � [ŷT1 (h) ŷT2 (h) . . . ŷTN(h)]T, y∗d �
colN{y∗}, and δ(h) � yd(h) − y∗d, based on the
boundedness of yd(h) and y∗d, it can be found that
there exists a positive scalar l such that ‖δ(h)‖ ≤ l.
In terms of Lemma 1, the transformed form of the
optimization error dynamics is presented below:

ŷi(h+ 1) = y∗ − yi(h+ 1)

= y∗ − yi(h)− �i(h)Δui(h)

= ŷi(h)− �i(h)Δui(h).

(27)

According to the control input update
algorithm (18), it is reasonable to reformulate
Eq. (27) toward the following compact form:

ŷ(h+ 1) =ŷ(h)−Q(h)[β(h)P (h)(−L ⊗ In)

· (ỹ(h) + e(h))− d̃(h− 1)]

=ŷ(h)− β(h)Q(h)P (h)(−L ⊗ In)

· (ŷ(h) + δ(h) + e(h)) +Q(h)d̃(h− 1)

=M(h)ŷ(h) +Q(h)d̃(h− 1)

+A(h)β(h)(δ(h) + e(h)).
(28)

Theorem 2 Given Assumptions 3 and 4, let
scalars ν, μ > 0 and 0 < λ, γ < 1 be known. The
output trajectories yi(h) of MAS (1) converge to the
optimal solution y∗ under the proposed algorithm in
Eqs. (16)–(18) if there exist positive scalars ω1–ω3

and �7–�12 satisfying

Π2�

⎡
⎢⎢⎢⎣

�̆5M̄−I ∗ ∗ ∗
0 �̆6Q̄−ω1I ∗ ∗
0 0 �̆7Ā−ω2I ∗
0 0 0 �̆8Ā−ω3I

⎤
⎥⎥⎥⎦<0,

(29)

where �̆5 � 1+ �7 + �8 + �9, �̆6 � 1+ �−1
7 + �10 + �12,

�̆7 � 1+�−1
8 +�−1

10 +�11, and �̆8 � 1+�−1
9 +�−1

11 +�−1
12 .

Moreover, it holds that limh→∞ ȳ(h) = y∗.
Proof The proof of this theorem is provided in the
supplementary materials.
Remark 4 So far, we have addressed the dis-
tributed optimization problem for model-free MASs
under the ET mechanism. Compared with exten-
sive literature, our main results exhibit the following
two distinguishing features: (1) The designed ET-
MFADO algorithm is novel since the data-driven ET-
MFAC strategy is taken into account for model-free-
based MASs; (2) The proposed algorithm can ensure
the convergence of both the consensus and optimal-
ity performance under unknown model frameworks.

4 Simulation

In this section, a simulation example is executed
to verify the validity of the provided ET-MFADO al-
gorithm. This example focuses on a MIMO MAS
composed of four agents, where each agent’s dynam-
ics is expressed as follows:

Agent 1:
⎧
⎪⎨

⎪⎩

y11(h+ 1) = −y11(h)u11(h)

1 + y211(h)
+ 1.5u11(h),

y12(h+ 1)=0.3 cos(y12(h))+4.3u11(h)−5u12(h).

(30)
Agent 2:

⎧
⎪⎨

⎪⎩

y21(h+ 1) = −y21(h)u21(h)

1 + y321(h)
+ 1.5u21(h),

y22(h+ 1)=0.2 sin(y22(h))−2.2u21(h)+2u22(h).

(31)
Agent 3:

⎧
⎪⎨

⎪⎩

y31(h+ 1) = −0.5y31(h)u31(h)

1 + y531(h)
+ 1.25u31(h),

y32(h+1)=0.05 cos(y32(h))+1.1u31(h)+0.5u32(h).

(32)
Agent 4:

⎧
⎪⎨

⎪⎩

y41(h+ 1) = −y41(h)u41(h)

1 + y241(h)
− 1.5u41(h),

y42(h+1)=−0.1 sin(y42(h))−4.2u41(h)+2u42(h).

(33)
uij(h) and yij(h) (i = 1, 2, 3, 4, j = 1, 2) repre-
sent the jth input and output of the ith agent,
respectively.
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It is worth noting that the mathematical models
of the agents are unknown and the aforementioned
model is used merely to produce I/O data. The
communication topology of the addressed MAS is
displayed in Fig. 1, and the following corresponding
adjacency matrix is given:

A =

⎡

⎢
⎢
⎣

0 0.1 0 0.1

0.1 0 0.1 0

0 0.1 0 0.1

0.1 0 0.1 0

⎤

⎥
⎥
⎦ . (34)

2

3 4

1 2

3 4

Fig. 1 The topology graph of the communication
network

In this example, the controller parameters and
the initial states are chosen as λ = 0.001, μ = 0.5,
ν = 0.8, γ = 0.5, ρ = 0.1, m1 = 0.1, m2 = 0.5, a = 2,
c = 0.5, uij(1) = 0, and �̂i(1) = [0.5 0.01; 0.01 0.5].
The trigger condition and the diminishing step sizes
are set as θ = 0.008, α(h) = 1

h+1 , and β(h) = 1
h .

For the given MAS, the optimization prob-
lem can be depicted as follows: miny∈R2 f(y(h)) =∑4

i=1 fi(y(h)), where the local objective function of
each agent is represented by fi(y(h)) = zi‖y(h)−yi‖
with z1 = 1, z2 = 11, z3 = 6, z4 = 4, y1 = [0.5 0],
y2 = [1 2], y3 = [1 0], and y4 = [−0.5 0]. By
means of MATLAB software, we obtain the opti-
mal solution to the convex optimization problem
as y∗ = [1 2]T and the global optimal value is
f∗ = 24.0616.

The specific simulation results are displayed in
Figs. 2–8. The average consensus error and the out-
put trajectories of the system are given in Figs. 2–5.
It is clearly visible that the consensus error is conver-
gent and that the trajectories of the output signals
yi(h) asymptotically converge to the optimal solu-
tion. Fig. 6 describes the error trajectories between
the output and the optimal solution. Fig. 7 shows
the error between f(y∗) and

∑4
i=1 fi(yi(h)). Fur-

thermore, the triggering constants of the proposed

0 50 100 150 200 250 350300 400
−1.5

−1.0

−0.5

0.0

1.0

0.5

Time(h)

�y ( )
�y ( )
�y ( )
�y ( )

� y
1(

)

Fig. 2 The first component of the average consensus
error ỹi1(h)
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Time(h)
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�y ( )
�y ( )
�y ( )
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Fig. 3 The second component of the average consen-
sus error ỹi2(h)
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2.5

Time(h)

y
1(

)

y11( )
y21( )
y31( )
y41( )
y(1)=1

Fig. 4 Output trajectories of yi1(h)

ET scheme are presented in Fig. 8. Obviously, when
the ET scheme is employed, there is a perceptible
reduction in the control update frequency, resultant
to which the communication burden is alleviated.
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Fig. 5 Output trajectories of yi2(h)
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Fig. 6 Evolution of the output error ‖yi(h)− y∗‖
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Fig. 7 Error of the optimal value |f(y∗)−∑∑∑4
i=1 fi(yi)|

5 Conclusions

In this paper, a novel ET-MFADO algorithm
has been proposed to handle the distributed opti-
mization problem for unknown nonlinear MASs un-
der the ET mechanism. The dynamical linearization
technique has been employed to equivalently con-
vert the general nonlinear system into a dynamic
linearized model, which overcomes the limitation of

0 50 100 150 200 250 350300 400
Time(h)

Agent 1

Agent 2

Agent 3

Agent 4

Fig. 8 Trigger time of each agent

unknown models. An ET mechanism has been pre-
sented to reduce the network communication burden
and improve system performance. Some sufficient
conditions have been implemented for the closed-
loop system to achieve the required performance in
light of the Lyapunov theory. Finally, a simulation
example has been used to verify the effectiveness of
the provided algorithm. Future research topics will
extend our results to the model-free-based MASs
with time-varying communication topology or the
various practical engineering fields, such as multi-
robot navigation (Chang et al., 2023) and automated
vehicles (Ge et al., 2023b).
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